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We show that multiple-period states can emerge already in the simplest quantum system, a
resonantly driven qubit. We also show that a qubit chain with the qubit coupling modulated at
twice the qubit frequency provides a simple example of the Kitaev chain with controlled disorder
and interaction.
Breaking of the time-translation symmetry is well
known in classical physics. The simplest example is
a parametric oscillator, which vibrates at half the fre-
quency of the field that modulates the oscillator eigenfre-
quency [1]. Time-symmetry breaking in driven classical
systems due to many-body effects has been also known
[2, 3]. Recently much attention has attracted time-
translation symmetry breaking in driven many-body
quantum systems, sometimes called the time-crystal ef-
fect, see [4–13] and papers cited therein.
The purpose of this note is to show that a multiple-
period state with an arbitrary multiplicity can emerge
already in the simplest coherent quantum system, a pe-
riodically driven qubit. Another simple problem illus-
trated in the note is a qubit chain with the modulated
coupling between the qubits. We show that, if the cou-
pling is sinusoidally modulated close to twice the qubit
eigenfrequencies, the chain dynamics maps on that of the
Kitaev chain. For two coupled qubits, such modulation
can lead to coherent period-two states.
I. A PERIODICALLY DRIVEN QUBIT
We start with a resonantly driven qubit. The Hamil-
tonian in the laboratory frame is
Hlab =
1
2
[ω0 + ν(t)]σ
z + F (t)σx cosωF t, (1)
with |ωF − ω0| ≪ ωF . We have set ~ = 1; σx,y,z are the
Pauli matrices.
We assume that ν(t) and F (t) have the form of periodic
pulses,
ν(t) = ν1
∑
n
δ(t− nT ),
F (t) = F0 + F1
∑
n
δ(t− nT ), (2)
Here, the period T is a multiple of the drive period
2π/ωF , with ωFT/2π ≫ 1. We use the notation δ(t) for
a function, which is smooth on the time scale ∼ 1/ωF ,
but looks like a δ-function on the scale ∼ T, |ωF −ω0|−1.
The pulses can be applied both to the level spacing and
the driving force amplitude or just to one of these pa-
rameters.
If the modulation is comparatively weak, so that
|ν(t)|, |F (t)| ≪ ωF , one can go to the rotating frame us-
ing the transformation U(t) = exp(−iωF tσz/2). In the
rotating wave approximation the Hamiltonian becomes
HRWA =
1
2
∆σz +
1
2
F0σ
x +
1
2
gσ
∑
n
δ(t− nT ),
∆ = ω0 − ωF , gx = F1, gz = ν1, gy = 0 (3)
[we have taken into account that, in slow time, the func-
tion δ(t) goes over into the δ-function].
It is convenient to rotate the qubit in the conventional
way, σz + iσx = exp(iφ)(σ˜z + iσ˜x), with the rotation
angle φ given by the equation tanφ = F0/∆. Then the
Hamiltonian becomes
HRWA =
1
2
Ωσ˜z +
1
2
g˜σ˜
∑
n
δ(t− nT ), (4)
where Ω = (∆2 + F 20 )
1/2 is the Rabi frequency in the
absence of the pulses and g˜z + ig˜x = exp(iφ)(gz + igx),
i.e., g˜ is the rotated vector g.
To find the Floquet (quasienergy) eigenstates of the
Hamiltonian (4), one assumes that at time t0 such that
0 < t0 < T an eigenstate has the form ψ(t0) = α|1〉+β|0〉,
where |1〉 and |0〉 are the real eigenfunctions of σ˜z with
eigenvalues 1 and −1, respectively [equivalently, we can
choose nT < t0 < (n+ 1)T ]. Respectively, at time T − ǫ
(formally, ǫ → +0; on physical grounds, ǫ ≪ T,Ω−1)
the wave function becomes ψ(T − ǫ) = α exp[−iΩ(T −
t0)/2]|1〉+ β exp[iΩ(T − t0)/2]|0〉.
During the duration of the pulse, the evolution of the
wave function is controlled by the term ∝ g˜. The eigen-
functions of g˜σ˜ can be chosen in the form
ψ± = ζ±|1〉+ η±|0〉, g˜σ˜ψ± = ±gψ±, (5)
where g ≡ |g| and the real coefficients ζ±, η± are given
by the equation
ζ+ + iζ− = exp(−iθ), iη+ + η− = exp(iθ);
tan θ = g˜x/(g + g˜z). (6)
One can write ψ(T − ǫ) = C+ψ+ +C−ψ− and express
the coefficients C± in terms of α, β, θ, and Ω(T − t0).
Then ψ(T + ǫ) = C+ψ+ exp(−ig/2) + C−ψ− exp(ig/2).
The evolution of ψ(t) in the interval (T + ǫ, T + t0) is
again controlled by the Hamiltonian Ωσ˜z/2.
2A Floquet eigenstate satisfies the condition ψ(t0+T ) =
exp(−iεT )ψ(t0), with ε being the quasienergy. Using this
condition, after simple algebra we find that ε takes on two
values, ε1,2, which have opposite sign,
ε1,2 = ±T−1
× arccos
[
cos
g
2
cos
ΩT
2
− cos 2θ sin g
2
sin
ΩT
2
]
(7)
They correspond to two Floquet eigenstates of the qubit,
ψ1,2(t). The explicit form of these eigenstates is some-
what cumbersome. Functions ψ1,2(t) can be written
in the laboratory frame in the basis of the real eigen-
functions |1〉lab and |0〉lab of σz using that |1〉 + i|0〉 =
exp(−iφ/2)(|1〉lab + i|0〉lab). Since T is a multiple of
2π/ωF , functions ψ1,2(t) are Floquet eigenstates in the
laboratory frame, too.
A linear combination Ψ(t) = Aψ1(t) +Bψ2(t) is not a
Floquet eigenstate, Ψ(t+T ) 6= exp(−iΦ)Ψ(t) with a real
Φ for AB 6= 0. However, if ε1 − ε2 = 2ε1 = 2πM/NT
with integer M,N and N > |M | ≥ 1, we have Ψ(t +
NT ) = exp(−iMπ)Ψ(t). Physical observables in such a
state are oscillating with periodNT . For period doubling
(N = 2), such behavior of a combination of states was
found in a topologically nontrivial system that imitated
a periodically modulated system [14].
Our result shows that in the simplest quantum system,
a qubit, one can have an arbitrary coherent period-N
state. The value of N is controlled by the modulation
parameters, as seen from Eq. (7).
A particularly simple example is where the qubit is
initially prepared in a superposition of states |1〉 and |0〉,
then the periodic modulation F (t) is switched off and
the level spacing is pulsed, ω0 → ω0 + ν(t). In the frame
that rotates at frequency ω0 we have Ω = 0, φ = 0, θ = 0,
and then ε1,2 = ±ν1/2T , so thatM/N = ν1/2π. Another
example is where the qubit is driven by a pulsed field only,
F (t) = F1 cosωF t
∑
n δ(t − nT ). For exact resonance,
ωF = ω0, we have φ = Ω = 0, θ = π/4, and then ε1,2 =
±F1/2T , so that M/N = F1/2π. We emphasize again
that the pulses must be smooth on the scale ω−10 but
short on the scale T .
II. A QUBIT CHAIN WITH A RESONANTLY
MODULATED COUPLING
Another simple example of broken symmetry states is
provided by a system of two coupled qubits with a reso-
nantly modulated coupling. Keeping in mind some other
aspects of such a modulation, we will give the Hamilto-
nian for a more general case, that of a qubit chain,
H
(chain)
lab =
1
2
ω0
∑
n
σzn −
1
2
Jxx(t)
∑
n
σxnσ
x
n+1
− 1
2
Jyy
∑
n
σynσ
y
n+1, Jxx = J
(0)
xx + 2F cosωF t, (8)
and assume that |ωF − 2ω0| ≪ ω0. Controllable xx
coupling has been implemented in several types of flux
qubits, cf. [15] and references therein, although we are
not aware of the experiments where the coupling was
modulated at frequency ∼ 2ω0. However, we do not im-
mediately see physical constraints that would prohibit
such a modulation, although its implementation could
be accompanied by a decrease of the coherence time.
We again switch to the rotating frame, now
at frequency ωF /2, the transformation is U =
exp[−i(ωF t/4)
∑
n σ
z
n]. In the rotating wave approxima-
tion the Hamiltonian becomes
H
(chain)
RWA = −
1
2
µ
∑
n
σzn −
1
8
J
∑
n
(σ+n σ
−
n+1 + σ
+
n+1σ
−
n )
− 1
8
F
∑
n
(σ+n σ
+
n+1 + σ
−
n+1σ
−
n ), (9)
where µ = 12ωF − ω0 is the frequency detuning and J =
J
(0)
xx + Jyy, whereas σ
±
n = σ
x
n ± iσyn.
The eigenvalues and eigenfunctions of the time-
independent Hamiltonian (9) are the Floquet eigenvalues
and eigenfunctions of the Hamiltonian (8). They have a
particularly simple form in the case of two qubits, i.e.,
where n = 1, 2 in Eq. (9),
ψ1,2 = cosφ1,2|00〉+ sinφ1,2|11〉, ε1,2 = ωF
2
± E,
ψ3,4 = (|01〉 ± |10〉)/
√
2, ε3,4 = ±J/2 (10)
where E = (µ2 + F 2/4)1/2 is the eigenvalue of H
(chain)
RWA
in the state ψ1 and tanφ1,2 = 2(µ∓ E)/F .
The quasienergies ε1,2 depend on the modulation am-
plitude F . If |µ| < |J/2| (for concreteness, we assume
J > 0), by varying F one can tune the quasienergy dif-
ference so that ε1 − ε3 = ε2 − ε4 = ωF /2. In this case,
as explained above, linear combinations Aψ1 +Bψ3 and
Aψ2 +Bψ4 are period-two states.
The analysis of the dynamics of a longer chain can be
conveniently done using the Jordan-Wigner transforma-
tion from spins to spinless fermions. If the creation and
annihilation operators of a fermion on site n are a†n and
an, respectively, the Hamiltonian (9) becomes the Hamil-
tonian of the Kitaev chain,
HK = −µ
∑
n
a†nan −
1
2
J
∑
n
(a†nan+1 + a
†
n+1an)
− 1
2
F
∑
n
(a†na
†
n+1 + an+1an) (11)
Implementing the Kitaev chain with qubits is advan-
tageous in terms of simulating Majorana fermions in a
controlled way. It is clear that one can easily emulate
site disorder by just making the transition frequencies
of the qubits slightly different. By making the coupling
constants Jxx and Jyy site-dependent, one can emulate
hopping and pairing disorder. If the system allows in-
corporating the zz-coupling, i.e., if the Hamiltonian can
3have the term
∑
n σ
z
nσ
z
n+1, one can also explore the ef-
fects of the fermion-fermion coupling. Presumably, a
chain of 20+ qubits with such coupling will be already
beyond what can be simulated on a classical computer.
Fluxonium qubits are advantageous for implementing the
scheme, since modulation at frequency ∼ 2ω0 will not
lead to resonant transitions in such qubits, which will
allow avoiding heating.
I am grateful for the discussion to Vadim Smelyanskiy,
Yu Chen, Vladimir Manucharyan, Pedram Roushan, and
Maxim Vavilov.
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